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The method of potential functions using a Fourier transformation in the class of slowly increasing distributions, corresponding
to the classical method of complex potentials, is proposed for solving well-known problems of the theory of elasticity for bodies
with a defect. It is shown that when a Fourier transformation with respect to all the spatial variables is used, the solution of the
dynamic problem of the theory of elasticity can also be represented in terms of a jump in the stresses and displacements at the
defect. The correctness of the transformed problem is considered (in terms of an analogue of the Lopatinskii condition). The
solution of the system of Helmholtz equations, to which the system of Lamé equations is reduced in the case of the two-dimensional
dynamic problem, is expressed in terms of the jump in the stresses and displacements at the defect as a result of solving the
corresponding singular integral equations. © 2002 Elsevier Science Ltd. All rights reserved.

1. THE ANISOTROPIC THREE-DIMENSIONAL PROBLEM
OF THE THEORY OF ELASTICITY

Consider harmonic oscillations of a uniform anisotropic elastic half-space {x; > 0} when there are no
volume forces. In this case, the dynamic equations in displacements, written in a fixed rectangular
Cartesian system of coordinates x = (xy, x,, x3), have the form (see, for example, [1])
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j=l

+pviu; =0, i=1,2,3 (1.1)

where u; are the components of the complex displacement vector u(x) ((x, £) = Re{u(x)e™"'}, p is the
density of the medium, Cyy; (i, j, k, [ = 1, 2 3) are the constants of elasticity, which satisfy the relations
Cija = Cjiy = Cpyj» and the time factor e™"" is omitted everywhere.

The solution w = u(uy, us, u3) of Eq. (1.1) whenxz > 0 (x3 < 0) will be said to be departing from the
plane {x; = 0} into the half-space {x; > 0} ({x3 < 0}), if u;(xy, x5, x3) (i = 1, 2, 3) are slow growth
distributions and, in this case

suppu, (x;, x5, X3) < {x3 > 0}({x3 <0}), i=1,2,3 (1.2)
sing supp U;(§), &2, §3) N {83 <0}({€; >0 =0, i=1,2,3 (1.3)
Here and henceforth Fourier transforms of the corresponding functions will be denoted by capital letters.

To find the solution of Eq. (1.1) in the half-space {x; > 0} in the class of solutions departing from
the plane {x; = 0} into the half-space {x3 > 0}, which satisfy the conditions

3 du: ;
Z afi(‘xl’xz)i(xlv x2v O)=g (xlvxz)

j=l ox; (1.4)
(X, %, 0)=h'(x, x3); x;€R, i=1,2,3
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where of(", ), 8'(, ), #'(-, ) (,j = 1, 2, 3) are specified functions, we will apply a Fourier transformation
with respect to the variables xy, x5, x3 to Eqs (1.1), taking conditions (1.2) into account and using boundary
conditions (1.4). The Fourier transforms of the distributions u;(x;, x5, ¥3) (i = 1, 2, 3) then satisfy the
equations

3
Iclz' |Cijkl§1§juk(§lvéz-gs)_pvzui(él’ébéa): Fi(§),82,83), i=1,23 (1.5)
W)=

where

2
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F;(gnvgz’éa)::/’l—;gl l: ] (Cijk3+ci3kj)§jul(()(§lv§2)+

+CaraliU (&1, )+ EUL 61, &), i=1,2.3

and US(E,, &), Ur(Es, &2) (k = 1,2, 3) are the Fourier transforms of the functions u;(x;, x2, 0), du/ox3(x;,
x3, 0) (i = 1, 2, 3), found from boundary conditions (1.4) after a Fourier transformation with respect
to the variables x;, x,.

For convenience we will rewrite system of equations (1.4) in the form AU = F and denote by

AE), &y, 83)=detA, A&, Ep.83), i=1,2,3

the determinant of the matrix obtained from A by replacing the i-th column by (F, Fy, F 5)7. It can be
shown that when Im &, = Im &, = Im v = 0 the equation A(&y, &;, &) = 0 has k pairs of complex-
conjugate and 6-2k real roots §;j(k =0,1,2,3,j =1, 2, ..., 6). The Fourier transforms of the required
distributions are given by the equations

85, &5.83) i=1,2.3

Ui(€),85,83) = AG, Eply)

where
88, 82.83)=0, i=1,2,3, when Ez=E&}, Im&{>0, j=12... .k

We therefore have 3k additional conditions in the case of k roots &; with the positive imaginary part
of the equation A(&;; &, &;) = 0, and 15 — 3k independent coefficients remain in boundary conditions
(1.4).

Hence, depending on the number of roots &; of the equation A(§,, &, €3) = 0 with positive imaginary
part, the number of additional conditions in the boundary-value problems may be different.

In the case considered previously [2] when solving the boundary-value problem
P(Du= f(x), x, =0, n=3
B;(Du=g;(x), x,=0, j=1...pu

where x = (xy, ... , X,), P(§) was a homogeneous elliptic polynomial of order m and the number of boundary
conditions was identical with the number of roots A of the equation P(§',A) = 0, &' = (&, ... , §,-1), in which the
imaginary part is positive, the order of the differential operator B;(D) does not exceed m - 1.

Note that the difference between the proposed approach and the method considered previously in [2], lies in
the fact that the Fourier transformation is not carried out with respect to the variable x,, in [2}. Hence, the number
of boundary conditions in [2], written for the required function, corresponds to the number of additional conditions
introduced in the present paper, written for the Fourier transforms of the required function. Boundary conditions
(1.4) in the variables x;, x,, x3 can be assumed to be analogous to the Lopatinskii condition with variables &, ...,
£,. In both cases these conditions ensure that the problem is correct. For example, if there are less coefficients in
boundary conditions (1.4), the problem may turn out to be overdetermined.

The splitting of the conditions into boundary and additional conditions (Lopatinskii and boundary
conditions) is made solely for convenience and to simplify the calculations: they can be combined in a
natural way by changing to the variables xy, x5, x3 (xy, ... , X,) or to the variables &;, &, & (&;, ... , &).
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These conditions impose certain limitations on the coefficients a;(:, -), A'(", *), 8'C, *) (4, = 1, 2, 3) (the
operators B;(D) (j = 1, ..., u) in [2]). Hence, the approaches considered to solving the problem in a
half-space are equivalent (n = 3 in [2]).

If the roots &; of the equation A(&y, &, &3) = 0 with positive imaginary part are known, the solution
of problem (1.1), (1.3) can be written explicitly. It is then easy to obtain representations of the solutions
of the problems in terms of the jumps in the stresses and displacements in the {x; = 0} plane and it is
convenient to investigate, for example, problems of the diffraction of an elastic harmonic wave by a
sealed-in rigid screen situated in the {x; = 0} plane and also the problem of the propagation of a crack
in the {x; = 0} plane [1].

2. FORMULATIONS OF THE PROBLEMS FOR AN ISOTROPIC
ELASTIC PLANE WITH A DEFECT

Suppose an infinitely thin defect I’ = {z = 0, & < x < B} is situated in a uniform isotropic elastic space.
We will consider two-dimensional problems of the dynamic theory of elasticity when 0/dy = 0. We will
assume that the stresses 1,,(’, *), 6,(*, -) and the displacements u(:, -), v(*, -) depend harmonically on
time, and there are no volume forces. We will seek the complex amplitudes of the functions, omitting
the time factor e

As is well known, with the above assumptions the equations of the dynamic theory of elasticity in
displacements have the form

% % a u
(}»+2u)—5;2-+(7»+u)-5;5; % — +pkiu=0

aZ
O 2+(l+u)———+(l+2u)——+pk2v-0 (x,2)e R*\T (2.1)
where A and p are the Lamé constants and p is the density of the body.

The solution u(x, z), v(x, z) of the Lamé equations (2.1) when z > 0 (z < 0) will be said to depart
from the straight line z = 0 in the half-plane {z > 0} ({z < 0}) [3], if u(x, 2), v(x, z) are the distributions
of slow growth and

suppu(x, z), supp v(x, z) < {z>0)({z<0}) (2.2)
sing suppU(E, §)M{G<0}({§ >0 =0
sing supp V(§, £)N{L<0}({{>0}))=0 (2.3)

We will seek solutions of the problem in the class H}OC(RZ) NS " (8’ is the class of solutions departing
from the straight line z = 0). If the values of the function f(-) € §', defined whenz > 0 andz < 0, are
identical whenz = 0 -0 and z = 0 + 0, it is natural to supplement it when z = 0 by assuming f(0) =
f(0-0) =f(0 + 0). It can be shown that Eqs (2.3) includes conditions at infinity; functlons from the
class §” carry away energy at infinity. The fact that the dlsplacements belong to the class H},.(R%) ensures
that the energy is finite in any bounded region from R* The boundary conditions of specific problems
will be considered in Section 4.

As is well known, the displacements u(', -} and v(, -) are determined by the longitudinal and transverse
potentials @(-, -) and y(;, -)

e, v % dv

ax 9z’ 9z ox (2:4)

Instead of the Lamé equations for the functions u(:, ), v(’, -) we have the Helmholtz equations for the
potentials (-, -), w(-, *)

2 2
A+k2p=0, Ay +k3y=0 (x,2)eR*\T; A=-ai—2+§z—2

ki=klc, i=12; ¢ =(A+21)/p, c;=4u/p

(2.5)
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where c¢; and c; are the propagation velocities of longitudinal and transverse waves in a uniform isotropic
elastic medium.

The equations for the new required functions @(:, *), \u( ) can be split. However, if the longitudinal
and transverse potentials are functions from the class H._(R*) n S', the displacements, according to
relations (2.4), may turn out to be less smooth functions.

Using relatlons (2. 4) and the equation in the sense of generalized functions from the class S’ of mixed
derivatives 9%/0xdz = 0%/dz0x for the functions @(-, -), W(-, *), u(-, *), v(:, *), it can be shown that

du Jv du Jv

—_—t—=Ap, ——-—=A s RZ\A

A
where

A={(x,2):xe R, z=0}

Then

ou dv 2 du Odv 2 2

—t—=—kfp, ———=—k , R°\A .

3 3 3 T ¥ (x,2)€e (2.6)
and the following equations hold

au=—i2 92 2 a2 1290 (¢ neR2\A 2.7)

P ox  ? ez ox oz

Note that Eqs (2.6) and (2.7) only hold when z > 0 and when z < 0, where the functions @(:, ),
y(, ), u(, ), v(+, -) and their first derivatives are understood in the usual sense, i.e. they are considered
in those classes to which they actually belong.

3. REPRESENTATIONS OF THE SOLUTIONS OF THE PROBLEMS IN
TERMS OF JUMPS IN THE STRESSES AND DISPLACEMENTS

We will consider the auxiliary }%roblem of a jump. We will seek solutions ¢(:, ), y(:, -) of Helmholtz
equations (2.5) in the region R\A. For the present we will write the boundary conditions in terms of
the stresses and displacements

[ulll\:au(x)’ [U”A‘:au(x), [‘t,z]l,\=at(x), [oz]ll\=ao(x); XER (31)
[f]|A=f(x' 0+0)’f(x1 O‘O)Ef+(xv O)"f_(xv 0)

In relations (3.1) the functions on the right-hand sides of the equations will be called potential functions.
Applying a Fourier transformation with respect to the variable x to Eqs (2.4), we obtain

UG, z) = —iED(E, z)+%?(§, z), V(E 2)= %(:-i(é, 2)+iE¥Y(E, 2) (3.2)

Hence the first two equations of (3.1) can easily be written for the Fourier transforms of the functions
o(, ), W(;, *) and for their first derivatives with respect to z.
We will transform the remaining two conditions in (3.1). Using the well-known formulae

Ju dv
u(az g) o, _xa +(k+2u)-—

and Egs (2.6) we have

Ju du
T ST XoWs O =2U— =@ W= KE(A+2p), X, =kin

We apply a Fourier transformation with respect to x to these equations
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T, (E2)= —i2u§%—f(§, 2+ QUE? — 12)¥(E )

¥
%, (8 2) = (QuE* - x)®E, ) + i2u§%;(é, 2) (3.3)

Then U(E, 2), V(E, 2), T,,(&, 2), 2.(&, z) can be expressed in terms of the functions ®(§, z), W(&, z) and
their first derivatives with respect to the variable z. We will denote by ®y(E), P4(&), ¥o(E), ¥1(E) the
values of the functions ®(&, z), 00/0z(§, z), (&, z), 9¥/0z(E, z) where z = 0. As a result, boundary
conditions (3.1) take the following form in terms of the Fourier transforms of the functions

[¥, ~ iEDo )15 = A, (B), [®, +iE¥,]1;=A,(E)
[(2HE? — x2)¥p —i28@, 115 = A () (3:4)
[(2HE? — %, )P +i21E¥ 115 = A, (E); E€R

A={(&2): EeR z=0), [FI;=F"()-F &)

Here F*(§) are the Fourier transforms of the functions f*(x, 0) from (3.1).
To solve this problem we now apply a Fourier transformation with respect to the variables x and z in
Helmbholtz equations (2.5)

_E2 -0 D) = iﬁ-[d’f:(&)- NEHA)
(3.5)
(k3 -8 ~CHW*(E,b) = 7—=[‘I’1 (&) - i0¥5 ()

The distributions ®* (€, {) (¥*(E, £)) and @&, §) (¥ (&, {)) are Fourier transforms of the function
¢(x, 2) (y(x,z)) whenz > 0andz < 0
Conditions (2.2) for the required functions are satisfied if and only if the following equalities hold

D E)Fin€)PFE)=0, €[>k (3.6)

WEE)Fiv, (B (E) =0, [El>k, (3.7)
where

y,<§>=uz-,|>k,-:+i\/&2—k}’; [E1<k;: —k2 82}, j=1,2

This means that the distributions ®* (€, §), ¥ (&, {) with respect to the variable { are limiting values
of the functions, analytic in the upper half-plane. It can be shown that conditions (2.3) are equivalent
to Eqs (3.6) when |&| < k;, and (3.7) when |&| < k,. Hence, the fact that the displacements belong
to the class S’ is equivalent to satisfying Eqs (3.6) and (3.7) for all &. Then, to determine the functions
@ (E), DT (E), ¥5(E), Wi (§) we have the system of linear algebraic equations (3.4) and (3. .6), (3.7) with
€ € R. These functions can be expressed in terms of Fourier transforms of the known jumps in the stresses
and displacements

<I>§(§) =

é) (Fi2uEmy (§)A, (8) +ig,(B)A, (§) = X18A(8) £ p2(E)A5(8))
l

OEE) = %(2;1&012@& EF Q@A &) FinEAE) +inE)Aq )

(3.8)

W5 (&) = ———(igy(§)A, (E) £ i21Epy, (E)A, (€)% Py (E)AL(E) + X2EAG(E))

Y2 (§)

PEE) = %qu@m,,(&) ~20Epy (B4, (€) + ipyy (BAL(E) £ ixpEA (E))
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Here
X=-20%2 P =%;7:(6), 4;(&)=%; (X2 —2uE®); ij=1,2

We can now correctly determine the functions ®*(&, {), ¥*(¢, {) using Egs (3.5) and (3.8). It is
convenient to carry out an inverse Fourier transformation with respect to the variable  for these
functions. It can be easily verified that

] hbed e"{z . 4
—_— [ e dl = —jeF®)
) nEE T
Then
*(E,2)= PEE) O, ¥EE )= YFE) MO (3.9)

After the inverse Fourier transformation with respect to the variable & we obtain the functions
¢(,-) and y(, -). The required functions u(', -), v(*, -) can be obtained using Egs (2.4). Hence, the solution
of the initial problem can be expressed in terms of jumps in the stresses and displacements or potential
functions.

Note that one can immediately obtain the Fourier transforms of the required functions t,,(:, *),
o.(, *), u(:, ) and v(:, -) using formulae (3.2) and (3.3), if we know the Fourier transforms of the functions
¢(:, ) and y(, -). Dynamic problems can then be considered in terms of stresses and displacements.

4. THE INTEGRAL EQUATIONS OF THE TWO-DIMENSIONAL
BOUNDARY-VALUE PROBLEMS

1. We will consider the plane problem of diffraction, when the defect is a soldered-on rigid screen. In
this case, the displacement vector is continuous on passing through the straight line z = 0 and the
boundary conditions of the problem have the form

ulp=—up(x), v lr=-vo(x); xe(ap) 4.1)
Wl \7=0, W1l,\7=0, [T,1l,\7=0, [c,]],,7=0 4.2)

where u(-), vo(*) are functions specified in the interval (o, ). Using the representations of the solutions
of the two-dimensional problems in terms of jumps in the stresses and displacements (see Section 3)
it can be shown that the functions a,(*) and a,(-) are identically equal to zero, while the functions a,(*)
and a4(*) are equal to zero in the set A\l'. Hence, to solve the diffraction problem it is necessary to
obtain the functions a.(-) and a4(*) at the defect. Using boundary conditions (4.1) and Eqgs (3.2) and
(3.9), we obtain integral equations for determining these functions

_ i B Ny (-0 _ .
Lnar—m‘{ a:(’)_fm Fp(8)e™ ™" dEdt = ug(x); x € (o, p) (4.3)
7;11—“‘{ ao(t)-,L Fn(®)e"' R dEdr =vo(x); x & (0.B) (4.4)
Here
F;§)= (é) kz (7 (B)- Y€)= FJ 1EI" +O0 &) (npu |E|> o), i,j=1,2
1__.l+3u L k+3p
=i h=i

Note that previously [4, 5] integral equations of static problems of the plane theory of elasticity were
obtained for isotropic bodies with defects; in that case the logarithmic singularities of the integral
equations are contained in the integrals with a Cauchy kernel with a variable limit. When solving dynamic
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problems, integral equations (4.3) and (4.4) contain logarithmic singularities in integrals with infinite
limits, and it is therefore convenient to consider them as pseudo-differential equations.

2. We will consider the two-dimensional dynamic problem when the defect is a crack. Then, on passing
through the straight line z = 0, the stress vector remains continuous and, in addition to conditions (4.2),
the following functions are given

0 0 .
O, lr=-0,(x), T, lr=-1,(x); x€(o,P)

In the problem of a jump, considered in Section 3, only the functions a,(‘) and a,(:) are non-zero on
T, and the integral equations equivalent to the boundary-value problem, have the form

Lya, “ j a,(1) | Gip(®)e ™ Mddr = 1%,(x); x € (ouB) (4.5)
“ J 6 (1) Gy (B Pdtds = ~62(x); x € (@) (4.6)
Here
G;(&)= K é(v & -v;@+ K "2]
N Al LA 1)
=G} |E1+0(1) (mpn |§|-> ), i,j=1.2
2(A
Gl = 0y = 255

5. NUMERICAL SOLUTIONS OF THE INTEGRAL EQUATIONS

According to one of the approaches to solving integral equations of the first kind, we will analytically
separate the principal parts of the operators of the left-hand of the integral equation and, in the numerical
method, the action of the principal part will be taken into account in explicit form.

The solution a() of integral equation (4.3) will be sought in the space of the distributions A ~*(T")

(7]
A (D)= {u:(+ED°UE) € Ly(R"), suppucT)

It can be shown [7, 2], that the left-hand side of integral equation (4.3) deﬁnes a bounded pseudo-
differential operator L,: H%T) — H"YT'), H*(T") - the contraction of H*(R") on I'. Moreover [8, 7],
L, is a Fredholm pseudo-differential operator of order —1 and index 0. We will separate the principal
part of the operator L, analytlcally After this, we split the left-hand side of integral equation (4.3) into
two terms: a singular term with F},|&| instead of Fy,(€) and a regular term with Fu(&) F(8) -
F1,)&|™" instead of Fy,(E). Using generahzed Parseval equalities and carrying out inverse Fourier
transformations of the functions F1,|&| ™ and F,(€) [9], we obtain an integral equation equivalent to
integral equations (4.3), in which, for convenience, we have changed from the interval (c, ) to the
interval (-1, 1)

. 1
Lo =] (ln +K,(, x))(p,(t)dt fi(x); xe(=11) (5.1)

!
ft—x|

Here

- 1
Q1) =y, =YD, Ki(t.x)= bfip (Y- (x 1) —-Inr—r

70 = 5| o (K HP s 1t D=k HP Ky 10D) - HO k1D | i=1,2
20k 1]
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bt
fx)= —Yiuom —Yox), Yp= > P (5.2)

‘/; 1 27 (A +21)
b=-i|— , =
2 A+3u A+3u

and HP() is the Hankel function of the second kind of order .

For a numerical solution of the integral equation obtained we used the Bubnov-Galerkin method
with Chebyshev polynomials of the first kind as basis and trial functions. The numerical method is stable
and effective for “small” dimensions of the screen [7] (the screen is assumed to be small if the length
I' is small compared with the wavelengths in space, i.e. when k;(B-0) <1 (i = 1, 2)). As a rule, a few
Chebyshev polynomials are sufficient (for example, 5-10, depending on the required accuracy) for a
good approximation of the function @4(-). This is due to the fact that the Chebyshev polynomials are
eigenfunctions of the principal part of the operator L. Moreover, the introduction of weighting factors
in the case of small screens enables us to take into account the behaviour of the solution in the
neighbourhood of end points, which on the whole, determine the solution on the screen. This method,
as numerical experiments show, is effective up to values of k(o) ~ 1 (i = 1, 2).

In Fig. 1 curve 1 shows the approximate solution of integral equation (5.1) in the case when a plane
wave is incident on the screen at an angle of n/4 with a = 0.01, § = 0.02, k = 0.01, A = 0.5, p = 0.5,
p = 2700 and M = N = 10; N is the number of Chebyshev polynomials in the expansion of the required
function and M is the number of nodes in Hermite’s quadrature formula used for the auxiliary
calculations [4]. In view of the symmetry, we only show the region ¢ = 0. _

We will seek a solution a,(-) of integral equation (4.4) in the space of the distributions H*(I"). As
in the case of integral equation (4.3) the left-hand side of integral equation (4.4) will be represented
by a bounded Fredholm pseudo-differential operator of order -1 and index 0, acting from H~"*(T")
into H'(T). It can then be shown [7] that the functions u(, ), v(-, *) € Ho(R?) for any a ("), as() €
H™"(I'). Hence, the functions u(:, -), v(:, *) satisfy the “condition on the edge”, and the problem of
diffraction by a soldered-in rigid screen is uniquely solvable [6]. '

To regularize an integral equation of the first kind analytically we separate the principal part of the
operator on the left-hand side. The following integral equation equivalent to (4.4) can be obtained

B B .
JInjt=-xlag(nde+ [ (A+2p)bfy, (1~ x)~In |t~ x Dag(r)dt = cvg(x); x e (0, B) (5.3)

The function f;(-) and the constants b and ¢ are determined by the third and last two formulae of (5.2).

In Fig. 1 curve 2 shows the approximate solution of the integral equation to which integral equation
(5.3) is reduced when changing from the interval (o, B) to the interval (-1, 1). We will denote the required
function by @(*).

Fig. 1
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Hence, we have considered integral equations with a logarithmic singularity in the kernel, equivalent
to the two-dimensional problem of the diffraction of an elastic harmonic wave by a soldered-in rigid
screen.

Consider integral equation (4.5). It can be shown [7, 8], that the operator L,: H Ty - H'(T) of
the left-hand side of integral equation (4.5) is a bounded Fredholm pseudo-differential operator of order
+1 and index zero. As in the case of integral equations (4.3) and (4.4), we separate the principal part
of the operator L,. For convenience we split the kernel of the operator into regular and singular parts.
When calculating the inverse Fourier transformation of the function G1,(-) we will use the equation

kz
z(§) k;
Then, using the generalized Parseval equalities and calculating the inverse Fourier transformation for

the regular and singular parts of the kernel of the integral operator [9], we obtain an integral equation
in which, using replacement of variables, we change from the interval (., B) to the interval (-1, 1)

G, (&)= (kl Y1(8) — kv, (&) - YIE)+73(E)

- ! (2 1 _ ) ~
L9, —-a‘;_l (§ln“_xl+K2(:,x))<p2(f)dt—f2(x), xe{-1h 5.4

Here

O, () =a,(y, -7, Ky(t.x)=%° bJ gy (- r))d&-—ln

-1 It—xl
- oI 4 3 (2 344(2) '
2i(0= = | = (K HP U, 11D~ K HP (k11D + (5.5)
2 L k2 )¢
.3 .
+ (-1 m(k%ﬁg"(kz 1)~ kZHS (ky [ £1)) - k3 HE (k; |t|)J, ij=1.2
A+2p (A +21)
=y-c1 (Y, ~Y_X) b=—\/£ , c=

and H{V(-) is the Hankel function of the first kind and order .

The same observations apply to the numerical method of solving this hypersingular integral equation
as applied in the case of singular integral equation (5.1). In the Bubnov-Galerkin method, Chebyshev
polynomials of the second kind are used as the basis and trial functions,

In Fig. 1 curve 3 represents the approximate solution of integral equation (5.4). The initial data is
the same as in the case of integral equation (5.1). For convenience the required function is denoted in
the figure by ¢;().

Consider integral equation (4.6). The principal part of the operator of the left-hand side of integral
equation (4.6) is the same as in the case of integral equation (4.5).

The operator of the left-hand side of integral equation (4.6), like integral eg;latlon (4.5), is abounded
Fredholm pseudo-differential operator of order +1 and index 0, acting from (T) mto H‘ "(T’). Then,
it can be shown [7], that for any a,(*), a,,( ye H'(T), the functions u(:, *), v(-, ) € Hi(R?). Hence, the
displacements u(:, -), v(", *) satisfy the “condition on the edge”, and the dynamic problem for a plane
with a crack is uniquely solvable [6].

It is convenient to use the following equality for the inverse Fourier transformation of the kernel of
the operator of the left-hand side of integral equation (4.6)

g _ K
7 1®

It can be shown that integral equation (4.6) is equivalent to the following integral equation

ob 9 1
— | =—In
ox, or |t-x]|

o B+ )
au(t)dt+5;({ (bi gzl(t—é)d?;—a—tln )au(t)dt—

1
[t-x]|
= —ccg(x); x €(a,f) (5.6)
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The function g,;(*) and the constants b and ¢ are defined by the third and the last two formulae of
(5.5).

The approximate solution of the integral equation, to which integral equation (5.6) reduces on
changing from the interval (a, B) to the interval (-1, 1), is similar to the solutions shown in the figure
by curves 3.

Hence, we have considered hypersingular integral equations, equivalent to the dynamic problem for
a plane with a defect.

Note that in the dynamic problems considered, the longitudinal and transverse potentials are auxiliary.
They can be conveniently used, since it is much easier to apply a Fourier transformation to the
independent Helmholtz equations than to the connected Lamé equations. Moreover, in the auxiliary
problem we can distinguish the problems for the Fourier transforms of longitudinal and transverse
potentials. In this case the boundary integral equations are obtained in terms of displacements and
stresses, and not potentials. Hence, the use of the functions ¢(:, ), w(:, -) does not reduce the smoothness
of the solutions of the problems.

Note that in this paper, when solving the problems, a Fourier transformation is applied to all the
variables. This immediately enables us to obtain algebraic equations for the Fourier transforms of the
required functions instead of ordinary differential equations, which are obtained in the general approach
to the solution of similar problems.
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